Math 290 ELEMENTARY LINEAR ALGEBRA
REVIEW OF LECTURES - XI
September 27 (Wed), 2017

Instructor: Yasuyuki Kachi
Line #: 25751.

§11. TRACE. TRANSPOSE.

Last time I declared to change narrative. I forgo my old ways and emulate the
‘erudite’ writing style a la research journal articles. So, from now on I define concepts

for n X n matrices (and m X n matrices with m # n if applicable) for all n
(and m) at once, instead of isolating the 2 x 2 case (and the 3 x 3 case) to get a
good feel first, whenever applicable / feasible. Today’s first topic is ‘trace’.

e From now on, a square (size) matrix means a matrix of size |n | x | n | , a matrix

whose number of rows and the number of columns are the same.

e Definition (The trace of a matrix). Let

a11 a1z - Qin

Q21 Q22 -+ Q2p
A =

an1l an2 e Ann

be a square size matrix. We define the trace of A as the sum of the main diagonal

entries a11, G22, -+, App:

Tr(A) = ann + ax + -+ + ann.

Repeat:
ail| @12 -+ Qin
az1 | Q22| *++ Q2n
A= . - ) . - TrA =|ay1| +|age|+ - +|ann -
an1 an2 T Ann




Stated in other words:

ail| @12 - Qin
az1 az2 T a2n

Tr ) - . ) = a1 |+|ag2|+ - +|ann
ani an2 tU Ann

This is deceptively innocuous. You are probably ‘cynical’ as to why we bother to
isolate such a notion, and spend time on it. I said I prioritize ‘efficiency’, and that
means that I don’t necessarily stop and tell you the reason why I introduce this or
that concept. Only this time, some nuts and bolts: Trace proves to be indispensable

in one big area of mathematics, called representation theory. A grossly oversimplified

description of representation theory:

“Search for possibilities whether and how the structures of various

mathematical objects (models) in various sectors of math can be

‘ simulated ’ by |matrix | operations .”

For multiple good reasons, in mathematicians’ mind, if the mathematical model that

you are hammering away on (that initially has nothing to do with matrices) can be

replicated using matrices, then that’s the best possible scenario. And that indeed

frequently happens. When that happens, there is a good possibility that model is

mathematically rich and entrancing. That replica is called a representation (of the

model). I know the word ‘representation’ is a generic word, but when used in math,
it has this specific meaning. (Often some adjectives come with it, such as ‘faithful
representation’, ‘irreducible representation’, ‘induced representation’, etc., etc. So
it’s really a technical term.)

Agree that this synopsis is a robust statement about the position of matrices in
math. Matrices play a pivotal role in math. Such a dogma is fundamentally ingrained
in every mathematician’s head. Representation theory encompasses many areas of
math. Representation theory itself is way beyond the scope of Math 290, but I just
threw the above line for some doubters among you. So, for doubters: Trace is one
central notion in representation theory, and thus important in math. Another name
for ‘trace’ is ‘character’. So anyhow, please don’t render premature judgment and
be dismissive about it.




e So, what is the trace of

Yes. It is  a11 + ago.

A = [011 au} o Tr A = a1 + age.

Stated in other words:

ail; a2
Tr = a1 + ao2.
az1 Aa22

e In the above I used the double suffixes. Last time we started using them as it is
the only way to go about it when writing up a general n X n matrix. But for 2 x 2,
we can certainly use a, b, ¢ and d. So, a paraphrase:

Paraphrase for 2 x 2 case.

A:[a b} — TrA = a4+ d.
c d

Or the same to say:

a b
Tr L d} = a+d.
2 -1
Example 1. (1) For A= [8 3}, we have  TrA =243 = 5.

2) Tr [2 _43} —6+(-3) =3



e Next, what is the trace of

ail aiz2 ais
A = ag;  age asz |7
az1 a32 Aass

Yes. It is  a11 + a9 + ass:

ail @12 a3
A= [a2 a2 a2 - Tr A = a11 + a2 + ass.
as1 a3z ass

Stated in other words:

ai1 a2 a3
Tr [a21 a2 a3 | = ai1 + az + ass.
a3z; a3z Aass

e For 3 x 3 we can certainly do away with the double suffixes:

Paraphrase for 3 x 3 case.

TrA =a+q+ 2z

T

I
8T e
SSECS
SIS B

Or the same to say:

=a+qg+ =z

=
8T
< e o

=




Example 2. (1) For A=

6 5 6], we have

TrA=2+54+0=T.

Exercise 1. (1) Let A = [g :é] Find Tr(A).

(2) Find ﬂ[é (1)]

1 2 3
Exercise 2. (1) Let A = |0 -2 6|. Find Tr(A4).
3 1 4
1 0 0 O
01 0 O }
(2) Let B = 00 10 Find Tr(B).
0 0 0 1
ra? ab ac ad
) ab b2 be bd
(3) Find Tr we be 2 ed
lad bd cd d?
1 0 0 0 0]
1
0 - 0O 0 0
1
(4) Find ™ |0 0 5 0 0
1
o 0 0 4 0
1
_0 0O 0 O 5




Formula 1. Let A and B be n X n matrices (A and B are both square, and
of the same size).

(1) T (A+B) = Tr(4)+ Tr (B).
(2) Let s be ascalar. Then

Tr(sA) = sTr(4).
(3) Tr (AB) - Tr (BA).

Proof of Formula 1. Write

aix aiz2 -+ Q1p bir b2 -+ bip

Q21 Q22 -+  Q2p ba1 baa -+ by
A= i ) . ) and B = ) ) i

an1 an2 tre Ann bnl bn2 T bnn

As for part (1), for A and B as above, we have

[ a11 +bi1 aiat bz oo ai, +bin |
a1 +ba1  aga +baa - agy + boy
A+ B =
| an1l + bnl an2 + bn2 e Ann + bnn |

Accordingly,
Tr (A+B) = (an +bu) + (a2 +b2) + - + (@ + bun)

= <a11+a22+ +ann)+(bll+b22+ +bnn)-

Thisis Tr A + Tr B.



As for part (2), for A as above, we have

Sa11 Sa12 SQ1p
Sao1 S92 SQon
sA =
SUn1 SQn2 SUnn
Accordingly,
Tr (SA> = S8a11 + SQ22 + -+ + SAnn
= S<a11 +agz + - +ann)-

This is sTr A.

As for part (3), let A and B as above. Then AB equals

a11b11+ai12ba1+ - +ainbng * *
* ag1b12+ag2baa+ - - - +azpbno *
* *

(just filled out the main diagonal entries) and accordingly

n(a8) = (

i

_|_

i

a11 b1 +ainbor + -0 + a1, by
a1 b2 + azabaa + -+ + azp bpo
an1 bln + CLnQan + R annbnn

Likewise, BA equals

an1 b1n+an2b2n+ e +annbnn_



[ biiay +bigag +

*

and accordingly

e +b1nan1

*

ba1ai2+bagaga+ - -+ +bapans

bnl a1n+bn2a2n+ e +bnnann |

Tr <BA) = <b11 ai1 + bigasr + -+ + b1y Clnl)

+ <b21 a1z + bagasy + -+ + bay an2>

_|_

+ (bnlaln + bn2a2n + -+ bnnann>

This is exactly Tr <AB>. O

anl bln

An2 b2n

ann bnn

a11 b1y ag1 bia | + - +
a12 bay ase by | + - +
alnbnl a2nbn2 + -+
a11bin +aioba + -+ aipbp
a1 b2 + azabaa + -+ + azp bpo
an1 bln + CLnQan + R annbnn




Exercise 3. Prove that no A = |%1 @12 and B = bir biz
—— a21 Q922 b21 b22

satisfy

1 0
asa - 1Y)

* [Pointers for Exercise 3 ]: For A = {all alﬂ and B = [bll blz},

az1 Aa22 b1 bao
AB — BA
_ ai1biy + a12bo1  anbiz 4+ aizbaa | | a11bi1 +agibiz  a12b1n + azobio
_a21b11 + az2ba1  a21b12 4 ag2bao a11b21 + a21ba  ajabar + azeban
(aubu + CL12521> — (0111911 + a21b12) *
* (azl b1 + a22b22> — <a12b21 + a22b22>
B _012521 — a21b12 *
I * a21b12 — a12b2
B [ a12b21 — a21b12 *
- * — | a12b21 — az1b12)
So
a12b21 — a21b12 *
AB — BA =
* - <a12b21 - a21b12>

1 0

Now, suppose, hypothetically, AB — BA = [O 1

} . Then we have

a12b21 —ag1bi2 = 1, and - <a12521 - a21b12> = 1.

But is that possible?



0 1

contradiction. For that matter, take the trace of the two sides, so

* [Alternative method ]: Assume AB — BA = {1 O} , to derive a

(+) Tr (AB - BA) :Tﬁr[(l) (1)]

The right-hand side of (%) equals 2, whereas the left-hand side of () equals
T (AB — BA) = Tt (AB + (- BA))
= Tr (AB) + Tr (—BA)
= T (4B) - Tr (B4).
Based on Formula 1, (3), this last quantity equals 0. Isn’t this a contradiction?

e Warning. Though I said
Tr <AB> _" <BA)
is true, I did not say that Tr (AB) = <Tr A) <Tr B) is true.

So, I repeat:

In general, Tr (AB) and (Tr A) (Tr B) are not equal.

1 0 1 0 1 0
Example 3. Let A = [O 1}, B = lo 1} Then AB = [O 1}.

Clearly Tr <AB> = 2, whereas TrA = 2, TrB = 2, and

hence (Tr A) (Tr B) = 4. Thus in this case Tr (AB) =+ (Tr A) (Tr B).

10



Now we move on to the second topic of the day.

e Definition (Transpose). Foran m x n matrix (need not be a square size)

aii a2 - Aln
a21 Qg2 -+ A2pn
A =
)
am1 Am?2 tre Amn

the transpose AT of A is defined as an n x m matrix

ailz a21 -+ Amil

a a o« .. a
AT — 12 22 m2

A1n aon tre Amn

Stated in other words, the transpose A” of A is the matrix formed by interchanging

rows and columns of A. Or stated in other words, A” is the matrix whose (i, j)

entry matches with the (j,i) entry of A.

e So, what is the transpose of

Ga21 @G22

A — {au a12]?

Yes. It is {ZH 221 } . The two entries off the main diagonal got interchanged.
12 Q22 =

In short:

a12 G22

A = |:CL11 CElZ} — AT _ [all CL21:|‘

Stated in other words:

T
ail a2 | a11 a21
az1 a22 aiz2 Qa22

11




Paraphrase for 2 x 2 case (Do away with sufﬁxes).

Cc

a- |

i

— AT:

b

Stated in other words:

e Next, what is the transpose of

a11 G21 a3
Yes. It is a1z A9y G32
ai3 a23 Aass

ail aiz2 ais

A = |a2 a2 a3

a31 azz2 ass

The process to generate this matrix out of the

following three interchanges:

[ X ai12 *
(1) A = a1 * *
* k *
[ * *| ais
(ii) A= X ok ok
asi * *
[ * k *
(111) A = * * a93
* | ase *

= AT
= AT
— AT

12

?

original matrix A

* as1 *
= a2 * *
* k *
* * | asl
= * * *
ais | * *
k k k
= * X aso
* | Q923 *

involves the




In short,

ail @12 a13 ail G21 a3l
A= |axn azx a3 — AT = a1z a2 G32
as1 a3z ass a13 Q23 Aass
Stated in other words:
ail aiz2 ais ail a1 asa
az1 Q22 Q23 = | 12 Qa22 Q32
asy  Ga32 ass3 a3z @23 Qa33
Paraphrase for 3 x 3 case (Do away with suﬂixes).
a b c a p x
A= |p q r = AT = |b q vy
Ty z c r z
Stated in other words:
a b c a p x
p q r{ =1b q vy
T Yy =z c r z
e Observe that the rows of A become the columns of AT:
a b c a | pl|l x
A = p q T — AT = b Y
r Yy z c r z

13




e Transpose operation is defined for non-square matrices.
e For example, what is the transpose of

A — ail aiz2 a3 0Aaiq 2
a21 Q22 A23 (24

ail a1
) a a
Yes. It is 127221 Observe that the rows of A are the columns of AT.
aiz @23
a4 Q24

Paraphrase for 2 x 4 case.

a p
A:{abcd} . AT_bq
p q T S cr
d s
Stated in other words:
a p
abch_ b ¢
p g r s|  |le r
d s
1o r [1 2]
Example 4. (1) A= [2 3} — A" = 0 3
4 2 3 49 -]
(2) A=19 1 6 - AT =121 0
-1 0 -5 3 6 5]
T
2 4
3) 1 5 :{iég]
0 3
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Exercise 4. Find the following:

(1) AT, where A = [_54 i’} . (2) AT, where A = l
1 2 4]"
(3) 2 5 3
0 6 2
5 4 -7 6
4 5 -6 -7
T _
(4) A", where A = T 6 5 4
-6 7 —4 5

Formula 2. (1) For any matrix A, we have
T
(a7) = a
(2)  For two matrices A and B such that A + B is defined, we have
T
(A+B) = 4T+ BT
(3) For a matrix A and a scalar ¢, we have
T
(ta) = ¢(ar).
(4) For two matrices A and B such that AB is defined, we have
T
(4B) = BT 4.
(5) For a matrix A, we have
T
(A + AT) = A+ AT (when A is square), and
T
(447) = Aar

15



e We need to prove Formula 2. Parts (1-3) are trivial. Also, part (5) is an immediate
consequence of parts (1-4). Hence it suffices to prove part (4).
Proof of Formula 2, (4).

Suppose A is of size (m, k), and B is of size (k, n), so that AB is defined. The
T
(i, j)—th entry of (AB) is the same as the (j, i)—th entry of AB, which is

(*) aj1bi; + ajoby; + - + ajrbp;.

Meanwhile, the i-th row of BT is [bli bo; - - - bkl}, and the j-th column of
aj1
;2

AT is . Thus the (i,j)—th entry of BT AT is
ajk

(#) bi;aji + baajo + - + bribjp.

Clearly (%) and (#) are equal. [

Warning. Ingeneral AT A and AAT are not equal, as the next example shows:

-3 4
2 1

3 2] [-3 4 13 10
T — —
AA_{ZL 1}{2 1}_{—10 17}’

awr = 1ZA T -1 P

Thus in this case AT A # AAT.

-3 2

Example 5. For A = [ 41

} , we have AT = [ } . Accordingly,

whereas

16



Exercise 5. Let A = [(1) _22] , and B = [_
T
(1) Find (AB) . (2) Find BTAT.

ik

T
(3)  Verify (AB) = BT AT for the above A and B.

e A couple more things before wrapping up.

e Symmetric and skew-symmetric matrices.

Definition (Symmetric matrix).

If a matrix A satisfies AT =

A

matrix.

Definition (Skew-symmetric matrix).

then we call such A a symmetric

If a matrix A satisfies AT

—A

skew-symmetric matrix.

@)

then we call such A a

Both symmetric and skew-symmetric matrices have to be in square size.

o The main diagonal of a skew-symmetric matrix is entirely 0.

o Z lc)} is the general 2 x 2 symmetric matrix.
[0 : : :
o b 0 is the general 2 x 2 skew-symmetric matrix.
(¢ b ¢
o b p ¢ is the general 3 x 3 symmetric matrix.
¢ q 7
[0 — ¢
o r 0 —p is the general 3 x 3 skew-symmetric matrix.
- p 0

17



Exercise 6.  Write out the general 4 x 4 symmetric matrix. Also write out the
general 4 x 4 skew-symmetric matrix.

Exercise 7. Decide whether each of the following matrices is symmetric. Decide

whether each of the following matrices is skew-symmetric.

1 -1 0 2
0 2 -1
0 2 2 1 -1 3 4 3
(1) {_2 0} (2) [1 3]. (3) —12 g —03 . 4) 0 4 92 1
2 31 0
Fact 1. Let A be a square size matrix. Then
A+ AT, AAT, and AT A
are all symmetric.
Proof. This is immediate from Formula 2, part (5). O
Fact 2. Assume A and B are both symmetric matrices and of the same size.
Then
(1) A+ B is symmetric.
(2) Let s be ascalar. Then sA is symmetric.
(3) A? = AA is symmetric.
Proof. This is immediate from Formula 2, part (5). O
Fact 3. Assume A and B are both skew-symmetric matrices and of the same
size. Then

(1) A+ B is skew-symmetric.
(2) Let s be ascalar. Then sA is skew-symmetric.

(3) A? = AA is symmetric.

18



Exercise 8  Prove Fact 3 above.

Fact 4. Let A be a square size matrix. Then
1 7\ . :
(1) - (A + A ) is symmetric.
1 7\ . :
(2) -5 (A — A ) is skew-symmetric.
(3) A is always written as
A=B+ C, B is symmetric, and C' is skew-symmetric,

for suitable B and C.

Exercise 9. Prove Fact 4 above.

2 5 3
Exercise 10. Write A = | -3 6 0| as the sum of a symmetric matrix B
4 1 1

and a skew-symmetric matrix C.
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