Math 105 TOPICS IN MATHEMATICS
STUDY GUIDE FOR FINAL EXAM - FB
May 4 (Mon), 2015

Instructor: Yasuyuki Kachi

Line #: 52920.
e §23. Polynomials and their arithmetic — II.
Q. Expand

(1) x (:z:2 -z + 4). (2) 3 (2:1:4 + 823 + 5:(:).

1
(4) IxQ <a:4 + 223 + 32% + 22 + 1).
[Answers }:
(1) 3 — 2% + 4a. (2) 227 + 8z5 + 5zt
1 1 3 1 1
(3) —2(134 + 31’3 — 1’2. (4) Ilﬁ + 7335 + ZIE4 + 71’3 + Z(EQ.

e Multiplying out two polynomials.

Even more generally, we may multiply out two polymials. The outcome is a poly-
nomial. This process is once again called an expansion .

Example. Let’s expand

(v + 1) (22 +1).
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It goes as follows.

(33+1)<33‘2+1)
]

multiply

multiply
:a:(a:2+1) + 1<x2+1)
- res) e
= B +r+2+1
= 3+ 22 +2+ 1.
In short,

<x+1)(a:2—|—1> = 23+ 22 4+ + 1.

*  As you can see, the above consists of two multiplications, both “monomial times
polynomial” type, followed by one polynomial addition.



Example. Let’s expand
(202 + 3) (2* — 32 + 4).

It goes as follows.

(|22 |+]3]) ( 332‘—3934-4)
|

multiply

multiply

:233(:(:2—351:—1—4) i 3(3:2—3a:+4)
= <2:L'3—6:L'2+ 893) + (3x2—9x+12>

= 223 — 622 + 8x + 322 — 9x + 12

(uncovered parentheses)

= 223 — 622 + 322 + 8x — 9x + 12

(re—ordered terms)

= 223 — 322 — ¢ + 12.

In short,

(2a:+3>(a:2—3a:+4> — 223 — 322 — 2 + 12.



*  The following recaptures the same algorithm:

2 - 3z + 4
2z + 3
x)
322 — 9z + 12
223 — 622 + 8z
223 — 322 -— r + 12
Example. Let’s expand

(— 22 + 5z — 3)(:1:2 + 2 — 7).

It goes as follows.

< — 222 | |+ bz | |- 3 )(9:2+293—7>
multiply
multiply
multiply
= — 222 (:1:2—}-293—7) + Sz (a:2+2x—7) - 3 <:L‘2+2x—7>

- (—2x4—4x3+14a§2> 4 (53:3—1—10:(:2—353:) 4 (—3:(:2—651:+21)



= —2x% — 423 + 1422 + 523 + 102® — 352 — 322 — 62 + 21

<uncovered parentheses)

= —2z% — 423 + 523 + 1422 + 1022 — 322 — 352 — 62 + 21

= —2z* + 2% 4+ 2122 — 41z + 21.

In short,

(—2362—1—536—3)(332—1—235—7) —

—2z* + 3

*  The following recaptures the same algorithm:

Example.

(re—ordered terms)

+ 2122 — 41z + 21.

2 4+ 2z - 7
- 222 4+ b5z — 3
— 322 — 6z + 21
5 23 1022 — 35z
—22* — 423 + 14 22
—22% + 2 + 2122 — 41z + 21

Let’s expand

(x2—x+1)(x2+x+1).



It goes as follows.

<x2 - —i—l) <x2+x—|—1>
multiply
multiply
multiply
= g2 (:L'2+a:+1> - =z (:L'2+a:—l—1> + 1 (a:2+33+1>

= (934+933+:L'2) + (—x3—x2—x> + (:L'2+:L'+1)

= a2t + a3+ -2 -2 x4+ 2+ 2+ 1

<uncovered parentheses)

= a2t 4+ B+ —2 4+t —x+ar+1

(re—ordered terms)
= z* + 22 + 1.

In short,

(xz—a:+1>(a:2+x+1> = z* + 22 + 1.

*  The following is an alternative way:






e Let’'sdo

(0) (33—1)-1,

(1) (:c— 1) (a:—l—l),

2) (v = 1) (& + 2 +1),

(3) (a:—l) <x3+x2+a:+1),

(4) (x—l)(x4+x3+x2+x+1>,

(5) (x—l)(x5+x4+x3+x2+x+1>,

(6) (:c—1><x6+x5+x4+x3+x2+x+1),

Let’s try (5). Let’s do it the second way:

x —_—
x)
-2 - ozt - 2 - 22 - o -
2 4+ 2 4+ 2t + 22+ 22 4+
20 _
In short,
(5) (x—1><x5+x4+x3—|—a:2—i—x—i—1>::(:6—1.

8



By extrapolation:

(v -
(o
(o
(o
(v -
(v -

8

8

(93 1 (93 + 25 4+ 2t + 23 + 22 +a:+1)

1

1

1

—_

—_

A minor tweak:

)
)
)
)
)
)
)

(+1)
(2 + 2 +1)
(2 + 2% + @ + 1)

<x4—i—x + 22 —i—x—i—l)

<3c5—i—x + 2% + 2 —i—x—i—l)

z —1
2 — 1
3 — 1
zt — 1
zd — 1
26 — 1
|
1 -z

1 —=

1 — a3,
1 — 24,
1 —=

1 — a5,
1 —=



%  Further tweak:

1+z) -1 = 14 =z,

N—

(1) 1—|—x>1 ) = 1 a2
(2) 1—|—x>1—x—i—x> = 1+ 23

1—1—36)1—33—1—33—33) = 1 — 2%,
(4) 1+x>1—x+x—x -|—a:> = 1+ 2%,

1

_|_

N—

z) (1l —xz+ 22—z 934—a:5> = 1 — 25,

—~
w
S~—
o N N e e N

(
(
(
(
(
(

1+

N—

l1—z+22 23 4+ 2* —2° +:L') = 1+ 2",

Q.  Expand

W) (e+3) (e +9). @ (e+5)(v-2).

3 (2 -7) (27 - 32 +1). () (¢* — 40% +2) (% + 32 - 8),
| Answers |:

(1) 2 + Tz + 12. (2) z? + 3z — 10.

(3) ot — 323 — 622 + 21z - 7. (4) 25 — z* — 202°% 4 34 22 + 62 — 16.
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Q. Expand

(1) <a: _ 1) < 220 4 19 4 18 4 07 4 016 4 15 4 214 4 13 4 12 4 ol

+x10+x9+x8+x7+x6+x5+x4+x3+x2+x+1>.

2) <a: _ 1) < 240 4 39 4 438 4 037 4 086 4 485 4 034 4 033 4 32 4 31
L B0 1429 4 428 4 427 | 426 4 425 4 24 4 23 4 22 4 21
D20 119 4 18 4 17 o p06 15 pld g 03 g 12y ol

+x10+x9+x8+x7+x6+x5+x4+x3+x2+x+1>.

(3) (1—:1:)(1 + z+ 22 + 2% + 2t + 25+ 2+ 27+ 2® 4 2¥ 4210
+ a4+ 22 4 2B M 15 16 1T 18 19 20

L2l 22 a:23>.

(4) <1+a:>(1— r+ 22 — ¥+t — 2+ af - 2T 4 ¥ - 2?4 2!0

gl p12 13y xl4).

(5) <1+x>(1 -z + 22 — 23+ 2t — 2+ 2 — 27+ 2 - 2 4 2l0
Lol 12 L 13 4 14 15 06 07 o a8 19 4 20
Lg% g 22 23 4 424 425 96 27 098 029 4030
_ 3Ly B2 033 4 434 035 4 036 037 4 .38 039 4 40

oAl op42 43 4 44 45y 046 x47).

[Answers }: (1) 2l — 1. (2) rH — 1.
(3) 1 — x4 (4) 1+ 2%
(5) 1 — 28
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e §24. Polynomials and their arithmetic — III.

Example. Let’s expand

(x2 + 3)2.

This is the same as

(22 + 3) (22 + 3).

So
<x2+3> <x2+3> = :L'2<a:2 +3> - 3(.9:2 +3>
= 2t +322+322+09
= z* + 622+ 9.
This can be done using “binomial formula”. Recall
2
(a-l—b) = a® + 2ab + V2.
So
2
<a—|—3> — 2 +2.3.4+ 3

= a®> + 6a + 0.

Substitute a with x2:
2 2
(a:2+3> = (:52) +6224+9

= z* + 622+ 9.
12



We certainly get the same answer.
Example. Let’s expand
(:L'2 + z 4+ 2)2.
This time you have to do it ‘honestly’, like
(x2+x+2)<x2+:c+2>.

It goes as follows:

(x2+x+2><x2+x+2>

= 1‘2($2+33+2> +93<332+x+2) +2<932+a:+2>

= (334-1—933—}-2932)-}-(x3+x2+2x)+(2x2+2x+4>

13



= a2t 4+ 3+ 222+ B2+ 2+ 20+ 222 + 20+ 4

= 2+ 3+ 22+ 202 + 22 + 222 + 22 + 22 + 4
= z* + 223 + 522 + 4z + 4.

You can certainly do it this way:

To conclude,

2
(a:2+a:+2> = % + 223 + 522 4+ 4z + 4.

Example. Let’s expand
2
(:L'3+4932—39:+2) .

Let’s just do it in the second way.

14



3 4+ 422 — 3z + 2
x)
223 + 822 — 6ux + 4
— 32 — 1223 4+ 922 — 6x
42° +16z2* — 1223 4+ 822
20 + 425 — 32 + 228
20 + 82° +102* — 2022 + 2522 — 12z + 4

To conclude,

2
(:z:3 + 422 — 3z + 2)

Example. Let’s expand

= 26 + 85 + 102* — 2023 + 2522 — 12z + 4.

2
(934—5:::'3—61'-1—4).

As before, we can handle it like

x* — 523 - 62 + 4
¥ — 523 — 6x + 4

)
4 24 — 20 23 — 24x + 16

— 625 + 30z + 3622 — 24z
— 52" + 2526 + 30z* — 2023
8 — 527 — 62° + 4 x4
28 — 1027 + 2526 — 1225 +68z* — 4023 + 3622 — 482 + 16

15



To conclude,

2
(:z:4 — 53 —6x—|—4>

= 28 — 102" 4+ 2525 — 122° + 68x* — 4023 + 3622 — 48z + 16.

2
Example. Let’s expand (:z:4 + 23+ 22+ + 1) .

The same deal:

xt 4+ 23+ 22+ x4+ 1

zt + 23+ 22 4+ 1
x)
zt + 23+ 22+ + 1
2+ ot + 2 4+ 2?4+ o2
2 4+ 25 + 2 + 23 + 22
27 4+ 28 + 2 2t 2B
28 + 27 + 28 4 25+ 2t

2+ 227 + 328 + 425 + 52t + 4% + 322 + 22 + 1

To conclude,
2
(:z:4—i—x3+x2—|—a:—|—1>
= 28 + 227 4+ 325 + 42° + 52t + 42% + 322 + 22 + 1.
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Q. Expand
(1) (xS - 8:1:)2. 2) (2332 ~ 3z + 5)2.
(3) (a;?’ + x2 — 4)2. (4) (a;Q + %aj + %)2

2
(5) <1+x+x2—i—a:3—|—x4+x5).

[Answers }:
(1) 2% — 162* + 6422 (2) 4t — 1223 + 2922 — 30z + 25.
(3) 2% + 225 + 2% — 823 — 822 + 16.

11 11 11

4 4 3, o 1L 4
(4) :c+:z:+12:c+3a:+9

(5) 1+ 2z + 322 + 423 + 52 + 625 + 525 + 427 + 32® + 229 + 210,

e Product of three or more polynomials.

Example. How about
(x+1>(x2+x+1><x4+x2+1>?

There are three polynomials involved. You have to do it step by step. In

(:c+1>(a:2+x+1> (zz:4—|—x2—|—1)

you first do the boxed part, and then multiply the outcome with the third factor
zt + 2% + 1.
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Step 1. Do <a: + 1) <a:2 + x + 1):

4+ 222 + 22 4+ 1

In short,
<a:—|—1)<a:2+a:+1>::z:3+2:z:2—i—2a:—|—1.
Step 2. Do <a:3 + 222 4+ 22 + 1) (334 + 2% + 1):
xt + 22 +1
3+ 222+ 2x + 1
X)
x4 + 2 +1
2 b + 223 + 2z
2 26 + 2zt + 222
x’ + 2° + 23
27 4+ 2254+ 3254+ 32 + 323 + 322 422 + 1
In short,

(a:3+2a:2+23:+1>(x4+a:2+1)

7 + 225 + 32° + 32* 4+ 323 + 322 + 22 + 1.

18



To conclude,

(x+1)(x2+a:+1>(x4+x2+1)

= 27 4+ 225 + 32° + 3z* + 32% + 322 + 22 + 1.

(1) (a: 1) (a: + 1)2.
2) (x 1) (x - 3) (332 - 3).
(3) (x 1) (a; + 1) <:c2 + 1).

(4) (:L'2 ﬁx+1> (9324-\/533-1—1)(1'2—1).

) (r-vV2Z-1)(e+VZ-1)(z-V2T+1)(z+VZ +1).

[ Answers } :

(1) 22+ 2% -z — 1
(2) rt — 423 + 122 — 9.
(3) zt — 1.

(4) 20 — 2t + 2% — 1
(5) rt — 622 + 1.

19



e Raising products.

The following has some bearings on certain types of polynomial multiplications:

1 (row 0)
1/ \1
1 1 (row 1)
1/ 2\ /1 \2
1 3 2 (row 2)
1/ 3\ /1 o3\ /1 \s
1 6 11 6 (row 3)
1/ 4\ /1 o4\ /1 o4\ /1 \4
1 10 35 50 24 (row 4)
1/ s\ /1 s\ /1 o5\ /1 s\ /1 \s
1 15 85 225 274 120 (row 5)
1/ 6\ /1 6\ /1 6\ /1 6\ /1 6\ /1 \e
1 21 175 735 1624| (1764 720 (row 6)

1/ 7\ /17N /17N Jroa\ 1o\ o7\ 1\

The above — apparently a variation of Pascal — can be used to get the expansions

20



Namely:

Q.

<x+1)<x+2) = 22 + 3z + 2,
<x+1)<x+2)<x—|—3> — B + 622 + 11z + 6

<x+1)<x+2)<x+3><x+4>

= % + 102 + 3522 + 50z + 24,

(e+1)(z+2)(e+3)(e+4)(a+5)

= 2° + 152 + 8523 + 22522 + 274z + 120,

(e+1)(2+2)(e+3)(e+4)(a+5)(e+06)

= 26 + 212° 4+ 1752 + 73523 + 162422 + 17642 + T20.

Expand:

(z+1) (2 +2) (v +3) (2 +4) (v +5) (z +6) («+ 7).

*  As for this, the triangle in the previous page is apparently shown only up to the
sixth row. You have to extend it to the seventh row.

[ Answer ] :

2’ + 2825 + 32225 + 1960x* + 676922 + 1313222 + 130682 + 5040.
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e §25. Derivatives of polynomials.

First rule. - = 0,
dx =1L
d
dx ¢ =2z,
dci: ' =8
d(i: ' =4
ddx > = b,
dci: | = 6
More generally:
Definition. Let n be an integer, n > 0. Then
d = ngtl

dx

Next, how you handle constant multiplication inside

22




Example.

Example 2.

This goes as follows:

9 334)

swap

7 336)

swap

23




d
Example 3. I <20x5). This goes as follows:
d 5) — d 5
I < 20 x) = | 20| - I x
swap (swapped)
= 20 -5 -4
= 100 - z*.

d
* In short, the rule is, whenever you see a constant inside P drag it outside
x
T You may write the above three results as
x
d 4 3 3
—(9a;) — 9.4.4% = 3645,
dx
(14936) = 146 2% = 8445,
x
(209:5) = 20-5-2* = 100 - 2.
x
and so on. The following definition makes it official:
Definition. Let a be a constant real number. Let n be an integer, n > 0.

Then

24



d
*  Finally, TS breaks up addition.
x

Example 4. di (:z:2 + 2:(:). This goes as follows:
x

differentiate
differentiate
d d
_ 2 )
[ R el X ]
= 2x + 2.
d 5 3 2 .
Example 5. e <:1: + Tx® + 3z ) This goes as follows:
T

d < 2| 4+ | 723 + | 322 )

|

differentiate

differentiate

differentiate

- -

- ] s )] - 6]

= bx* + 7322 4+3-2x = 5x* + 2122 + 6.

25



The following definition makes it official:

Definition. Let f (a:) and g (a:) be monomials. Then

d (f(as)-i—g(a:)) — ) + ¢ ()

dx

4 (f(ar) g () —l—h(:v)) — f(0) + ¢ (@) + W (o)

*  As for four or more monomials, the same thing.

Example. Let’s differentiate

f(:z:) = 22 + 2z + 5.

It goes as follows:

f(z) = %<x2+2x+5>
[ a d d
_[d:cx + da:<2x) + da:5]
= 2x+2+0
= 2x + 2.

26



Example. Let’s differentiate

f (:L') = 4z* + 823 — 722

It goes as follows:

(4)

f(z) = 4 (4934 + 8P — 73:2)

dx

_|_

= 4 423 + 8 -3x2 — 7 -2zx

= 1622 + 2422 — 14x.

Do the following differentiation:

[ Answers } :

(1)

(3)

d o d
: 2 228,
dx v (2) dx o
d 1000
x .
dx
102°. (2) 1627.
200249. (4) 1000299,

27
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Q. Do the following differentiation:

(1) % (23:3 ~ 1122 + 43:).

2) ddx (83:8 ~ 1245 + 242% — 642 + 96).
T

(4) ddx (1—70337 + —a25 + 3335)

[ Answers }:

(1) 622 — 222 + 4. (2) 642" — 722° + 9623 — 128z.
(3) 3 — %12 + %x (4) 102% + 92° + 152t
Q. Do the following differentiation:

(1) dci: (% a:)

2) (5.

3) ().

(4) ().

(5) ()

(5) ()



[ Answers } :

I
i
\GJ
8 \0)
N—— .
alE
8
RS ~__
&
TS
N
.-
=
c
o
S g

x19.

1
19!
J8100)

[ Answer ] :

=?

1
100!

dx

Pop Quiz.

x99,

1
99!

[ Answer ] :
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Pop Quiz. Do the following differentiation:

d ( 1 1 1 1 1 1 1 1 8)
1+ —z+ =2+ =23+ —z2t+ =2+ =2+ 2"+ =2

dz TR 3l A1 51 6! 71 8!
A Lol 1 1 1 1 1 1
[ nswer]. —|—1. +§x +§x +Zx +§x +ax +7x
Pop Quiz. Do the following differentiation:
d ([, 1,1 +1 +1 +1 +1 +1 +1 o L
—X —fL' fL' fL' fL' fL' fL' fL' —X
dz TR 3l A1 51 6! 71 8! 9!
1 1 1 1 1 1 1 1 1 1
R 1 p24 .1 VS S R P I
Tt Tt T T T T T Tt T 1o
1 1 1 1 1 1 1 1 1 1
O L S - : S S-S S S S
oo™ o™ o™ Tog® Ton® Tom®™ Tog® Tom® Taogt Tao”

1 0 1 31 1 2 1 3 1 A 1 H 1 H 1 37 1 B3] 1 S¢)

1 1 1 1 1 1 1 1 1 1
S T - S S S - Y RO /G~ S
Tt Tt T T T Tt Tae® Tamt Tt T )

[ Answer ] :

] 1 1 1 1 1 1 1 1 1
+ 1 x+§x +§x +Za: +§x +ax +W:z: +§x +ax

1 1 1 1 1 1 1 1 1 1
S IS DTS TG ST ” SRS | S TS S P8 T 19
T T® T Tt T® T Tt tim® T Tig”

1 1 1 1 1 1 1 1 1
20 21 2 23 24 5 % g B 29

T30 et e Tt s Tam Tae” Tamt Tamt Taolt

1

1 1 1 1 1 1 1 1
= 40 _ e ] 43 e % 45 IR’ i) 47 = .8
tot Tt Tt T e T
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Pop Quiz.

dx

1 1
I $11+

0% 1

1 1

1y
toor? F o

1

d 1 1 1
1—|—T:z:—|——:c + =

1 1 1
12+—:z:13+

Do the following differentiation:

1

1

13; + 1:1: SR L SR S
fl) fl) fl) —_—
5! 6! 7] 8! g1
1 1 1 1 1
14 I |51 - 6, - 7 ]8 _— .19
T T e T Tt T
1 1 1 1 1
n, + x5, L x 1 o 1 x 1 x5
T o e o ® Togt T g

b a® g g 31+L BT YT dp Lgmy Lgmy Lomy Lomy 1w

30! 31!

1

1 1
+—af ot —

40! 41!

1

1 1
Fo P ¥

50! 51!

1

35! 36!

1 1 1
—':z:44—|——:z:4‘5—|——

45! 46!

1 1
A+ —aP+ —

55! 56!

37!

38!

39!

+—x d)_f_i 61_|_L 62+_ 63+_ 64_|_i 66_|_i Eﬁ+_ 67+_ &+i@

60! 61!

1 1
+o—aV g™ —

70! 71!

1 1
+—aP+ — ¥ —

80! 81!

1 1

65! 66!

1 1 1
—'$74+—$75+—

75! 76!

1 1 1

85! 86!

1 1

1

1

1 1 1
06, — 4, — .48 R ]
T Tt T
1 1 1
%, - 5, - .8 R
T TeeiY Tl
1 1
61’ Tesit 6ol
1 1 1
o, 0, B8y D
ST TR TR
1 1 1
&, — &, — .8 Rt
T Ty Teor®

1

T

1 100
oo )

951" T o6!"

31
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081"

99!



[ Answer ] :

1

1 1 1 1 1 1 1 1
1 + —z+—2>+—23+—2*+ a5+ 28+ 2"+ =28 + —2°

1! 2 3! 4! 5! 6! 7! 8!

1 1 1 1 1 1 1 1 1
I s | SR - SR - RS SR ) I Ui ) IR 3 (SRl

10! 11! 12! 13! 14! 15! 16! 17! 181"

1 1 1 1 1 1 1 1 1

P+ —a? + —aP b P o e e T =

20! 21! 22! 23! 24! 25! 26! 27! 28!

1 1 1 1 1 1 1
+— oV — ¥ P B ¥ PP T

30! 31! 32! 33! 34! 35! 36! 37! 381"

1 1 1 1 1 1 1 1
I T S S - S e S - SO S SO S’
ot Tt Tt Tt Tt T Tt Tt T

1 1 1 1 1 1 1 1 1

+— oV P — P B M PP Ty

50! 51! 52! 53! 54! 55! 56! 57! 58!

1 1 1 1 1 1 1
+— P — g0 —g®p —g® gy — BB

601" el Te2a” T3l 611”5l a6t 6Tl 6317

1 1 1 1 1 1 1
I T ST > S S ST S SRR S ST S - ST S ST o
Tt Trn® o T tra® Tt Tre trn® T

1 1 1 1 1 1 1 1 1

o —a¥ ¥ S M S S 8y

80! 81! 82! 83! 84! 85! 86! 87! 88!

1

90! 91! 92! 93! 94! 95! 96! 97 98!

32

9!

1
B8, L 19
o1

1
P 29
4—§§T$

1
B3] S¢)

1
a8 49

1
8 0

1
(63] @

1
e e

1
] ¢

1

1 1 1 1 1 1 1 1
-+——x%+~——xm+~——x%+~——x%+~——x%+~——x%+~——x%+~—7xm+~——x%+~——x%.

99!



e §28. Antiderivatives.

We all know that 2z is the derivative of 2. Then wesay z? is an antiderivative

of 2x. More generally:

Definition (Antiderivatives).

If a polynomial | f (:1:) is the derivative of another polynomial

then we call | F (93) an antiderivative of | f (:L') )

So, basically, 1:f

then | F (:z:) is an antiderivative of | f (:z:)

e Most basic antiderivatives.

T

is an antiderivative of

is an antiderivative of

is an antiderivative of

is an antiderivative of

is an antiderivative of

is an antiderivative of

is an antiderivative of

is an antiderivative of

is an antiderivative of

33




e Antiderivative of a quantity that involves more than one term.

Example. We know the fact

The derivative of % >+ is
Translation:

= > + is an antiderivative of
Example. We know the fact

2
The derivative of ?x‘r’ — 223 + 422 is

Translation:

2
—z® — 223 4 422

3 is an antiderivative of

x2 + 1.

x? + 1.

2x% — 622 + 8z.

2x* — 622 + 8z.

e Antiderivative of f (:1:) is not unique. Two antiderivatives of f (:1:) differ

by a constant.

Here is one important thing you should know.

13

£ F (:)3) is an antiderivative of | f (:L')
1
F(z)+1, F(z)—-3, F(z)+ -
too are all antiderivatives of the same | f (:L')
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Example.

— 3 +

— 13 +

3

is an antiderivative of 2.

1 is an antiderivative of

4 is an antiderivative of

100 is an antiderivative of

256 is an antiderivative of

V2 is an antiderivative of

e is an antiderivative of

More generally, the following is true:

13
E

C is an antiderivative of

as long as C' denotes a constant ( real number ).
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e Nature of antiderivatives.

If | F (:)3) is one antiderivative of | f (93) , then

F (:z:) + C ( C is an arbitrary constant real number )

7

represents all the antiderivatives of | f (93)

Definition—Notation (Indefinite Integrals).

Suppose | F (:L‘) is an antiderivative of | f (93) , then you write

1. Always include “+4 C” as a part of your answer.

2. Always include the tail-end “dx” inside the integral symbol.

1
Example. / rdr = - 2 + C.
This means
« 1 »
An antiderivative of z is 7:(:2.
2 1 5
Example. ridr = = x> + C.
This means
« 1 »
An antiderivative of z? s ?a:?’.
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Q. Use the integral symbol to paraphrase

[44 . . . . 7
An antiderivative of 4x3 is x*.

[Answer ]: / 43de = 2* + C.
Q. Use the integral symbol to paraphrase

“An antiderivative of 8z3 + 8 is 2z* + 8z.”

[Answer]: / <8x3+8)d1‘ = 2z + 82 + C.

e Find indefinite integrals.

Format. You are given a concrete f (:z:), but you are not given its antideriva-
tive F (z). Find
/ f (93) dx.

Expect questions of this exact format.

/lda:' = T + C,

zdr = —z° + C,

8
Q.
53
|
|
8
[
_l’_
o

8
Q.
8
|
|
8
w
_l’_
o

— — — —
5
&
I
|
HOD
+
a



Rule (monomial integration rule).

1
/ " dx = " 4+ C
n+1
(n is an integer constant ; n > 0).
L 5
Example. Let’s evaluate ?a: dx.

1 1
You see - inside the integral symbol. Pretend that there is no - Then the
1 1
integral would be Fa:(s, well, +C, but let’s worry it later. So, Fa:(s. But that

1 1
is when there is no - In reality, there is o5 So, the actual answer is

1 I 4 1 4
Then don’t forget + C. In sum:
L 5 R
78
Example. Let’s evaluate Zm dx.

7 7
You see e inside the integral symbol. Pretend that there is no e Then the

1 7 7
integral would be ?xg. But that is when there is no Ve In reality, there is e

So, the actual answer is

7 Ly 7T
Then don’t forget + C. In sum:
/%xg’da: = 3—76339—1—0.
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Example 8. Let’s evaluate / (23:4 + %ﬁ) dz.

This is basically the same as the previous but notice that there are two terms in
the integrand. The way it works is you do integrate term by term. First, 2z* is

2 1 1
integrated as ?335. Next, IxQ is integrated as ——a3. So, you construct the

12

answer simply as

2 5 L 5
ST
In sum:
/2334— z? d:c—i‘r’—i— 2+ C
5 12
5 7 6 5 2 3
Example. Let’s evaluate Rz’ — ?x + 7:(; dx.

The same deal. Integrate term by term. Since

6 2
827, — P and — 3
5 7
are integrated as
1 1
8 L6 d 4
x°, 5 x an T

respectively, so

6 2 1 1
/ (8937 — ?x‘r’ + —x3) de = 28 — —25 + —2* 4+ C.



Example. Let’s evaluate / (:c + 1) <:c + 5) dx.

You need to expand the integrand first. We know
(:l?+1)<:v-|—5) = 2? 4+ 6z + 5.

Accordingly, the given integral becomes

/ (:L'2 + 62 + 5) dzx.

We know how to handle this. Namely,

1
/<x2—|—633+5>da: = ?x3+3x2+5x+0.

Q. Evaluate
(1) /6:(:3 dz
(2) /%aﬂdm
3) / (%aﬁ + 3) dz

8 5 4
(4) / (?x + 102 )dx



[Answers ] :

(1) /6x3daj = 5 + C
1 1

9 ¢ _ 1 38
(2) / 5 ¢ dz or * + C
(3) / (%aﬁ + 3) dr = %x?’ + 3z + C.
(4) / (%:ﬁ + 10334> dr = %xf" v 24% 4+ C.

2 L3 Lo

1
(6) /(x—l)(x—i-l)da: = ?x?’—x—l—C.
1

(7) / (a:—i—l)(aj—f—?)) dr = ?ajg’ + 222 + 32 + C.
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e §27. Bernoulli Polynomials and numbers — II.

Recall

Formula. Let n be a positive integer. Then

1 +2+3+4+ -

12 422 + 32 442 + .-

134+ 2% 4 3% 4 4% 4 ..

14+ 24 430+ 4+ -

1° 4+ 2° 4+ 3% 4 4° + ...

16 4 26 4 36 4 46 4 ...

+n

+ n?

+ n3

+ nt

+ nd

+ nb

., 1

771 + 771 ,
%ng’ + %nQ +
%n‘l + %n:” +
%nf’ + %n‘l +
%nG + %n‘:’ +
%rﬂ + %nﬁs +

1

6

1

1

1 1

3 30

5 4 ]' 2

12 2"

1 Loa 1
9 6 T 2"

If you want to see more:
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1P+ 2k 4 3k gk b

equals
énQ—i-%n,
%n:)’—f—%nz—i—%n,
%n‘l—i—%n?’—i—%nz,
%n‘:’-l-%n‘l-l-%n?’—g—lon,
%nﬁi—f—%n‘:’—i—% 4—% 2
%Tl?—i—%n‘s—i—%ﬁ—%n?’—i—%n,
%ﬁ+%ﬂ+%6—%ﬁ+%ﬁ,
%ng—f—%ng—i—éﬂ—l—znf’—i—%ng—;o ;
1—1()n10+%n9+zn8—1—70 6—1—%714— 230 2,
%n“-l—%nlo-l—gng—rﬁ-l—nf’—;ni”-l—%n,
1—12n12+%n11+% 10 1—81 8 1?1 6_1_81 44_%”2,

*  Switch from n to z:

43

(k=1)

(k=2)

(k=3)

(k=4)

(k=5)

(k=6)

(k=7)

(k=8)

(k=9)

(k=10)

(k=11)



*

fi(z) = éxzﬁ-%x,

Fo(r) = gat+gatt g

fol@) = +att gt pa?

fa(z) = %x5+%x4+%x3— 27

f5 () = %l’6+%x5+15—2x4—§ ?,

f6(l’) = %1'74‘;1’64-5335—%1’34-%33,

fr(z) = %3384‘%337—%1—723:6—2—23:4—1—1—123:2,
- bbb o
R PR P
fro (x) = 1—111'11"‘%93104-%939—x7+x5—§x3+6—56x,
fiz (z) = 1—133713—%x12+x11—%x9+2—72x7—?_3x5 3—%3:

Now, “not for nothing”, let’s differentiate these:
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e Derivatives of fk(a:)

A (2) = ot L

2
le(l‘) = :L‘z-l-x-l-%,
fg'(a;) = x?’—f—%xz—i—%x,
fa' (z) = x4+2x3+x2—%,
fs' (x) = :L‘E’-I-%x‘l-l-gx?’—%x,
fo' (x) = w6+3x5+ga:4—%x2+4—12,
fi' (z) = l’7+;$6+;x5—%x3+%x,
f' (z) = $8+4x7+1—;x6—g:€4+%x2—%,
fo' (z) = x9+%x8+6x7—2—51x5+2x3—ﬁx,
fio' (z) = 9310+5939+1—25x8—7a:6+5x4—%xz-l-%,
fi' (z) = a:ll—l—%xlo—l—%xg—llx?—i—llaﬁ—%x?’—k%x,
fio (x) = 9312+69311+113310—%x8+22936—32—3934+5x2—%.

Next, define (a) Bernoulli polynomials By (93) (next page) and (b) truncated
Bernoulli polynomials Bj° (z) (two pages later):
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(a) Bernoulli polynomials Bg(z).

B, (93)
Bs (:z:)
Bs (:z:)

By (93)

1
x 5
1

2 _ _

x :z:—|—6,
1

3_ 2 2 =
x 2x—|—2:(:,
x4—2x3+x2—i,

30
5)

5__ 2 4 2 .3 _

x 236—1—3:(: 633,
1 1

6 _ 9.5 % 4 — 2, _~

T 31‘-1—21' 29: +42,
7 7 7 1
x7—§x6+§x5—gaj3+5x,
14 7 2 1

8 _ T4 — -6 L4 202 0 7

x x—l—gaj 3:(:—}—333 30"

9 21
2 — a8 462" — b 4223 —

2 5 10"
x10—5x9+%x8—7x6+5x4— %x2+6—56’
ot — 1—219310-1—%3:9 — 112" +112° — %xz)’ — %x,
= 2262411 x10—3—23 x8—|—22x6—§ x4+5x2—%.
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e (b) Truncated Bernoulli polynomials By°(z).

Bis° (z) =

x—1,
1‘2—33,

3 1
3_°2 2 =
x 2:(:—1—233,

) )
x5—5x4+§x3—693,
x6—3x5+ix4— x?

2 277

7 7 7 1
7_ 't 6, " 5 1 3, >
T 2x+2x 6x+6x,

14 7 2
x8—4x7+?x6—§x4+§x2,

9 21 3
x9—5x8+6x7—?x5+2x3—1—0x,

15 3
20— 529 + —— 28 — 720 4524 — = 22,

2 2
11 55 11 5
3311—7&:10—1—?:{:9—11%7—1—11335—7&:3—E$,
:L'12—69311+11:L'10—32—3338+22x6—%x4+5x2.

The circle ‘o’ in the notation B° (:z:) indicates that it is different from B (aj)
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Don’t get confused between these two. The difference between By, (93) and Bj° (:L')
is only the constant term, and that constant is nothing but the k-th Bernoulli number
B k- So

By (w) — B,° (a:) = Bjy.

Or the same to say

By, (az) = B° (:z:) + By.

e Initial conditions.

The truncated Bernoulli polynomials satisfy some basic properties called initial
conditions:

Initial conditions:

(i) Bi®(0) = 0 forall k with k> 2,
(ii) Bi°(1) = 0 forall k with k> 1.
The condition (i) simply means that Bs° (x), B5° (:z:), B,° (:z:), B5° (x), .-+ has

no constant terms. These (i) and (ii) are important because they actually enable us
to reconstruct the Bernoulli numbers and Bernoulli polynomials. To explain it, we
need a new concept, called antiderivatives , which we will cover in the next lecture.

e Finally, the Bernoulli polynomials possess the following symmetry:

Symmetry:
By, (1—1‘) = — By (33) (When k is odd),

By (1 —x) = By (:L') (When k is even).
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e Table of the first forty six (46) Bernoulli numbers.

1 !
B1 5 B2 6
By =0 By = —3
s =0, 1= g0
Bs =0 By = —
5 — ) 6 42
Br =0 By = —
7 =0, 8 = 35
By =0 By = —
9 =0, 10 56
—691
B =0, B2 = 5
Biz = 0 By = —
13 = 0, u = -,
—3617
By = 0, Bis = —5—>
43867
Bz = 0, Big = —55—
—174611
Big = 0, By = —355—
854513
Bor = 0, By = —5—
— 236364091
Bas = 0, By = —F55—
8553103
Bys = 0, By = —5—,
— 23749461029
Byr = 0, By = ———
8615841276005
B29 - 07 B3O - 14322 )
—7709321041217
B3 = 0, B3y = =10 ;
2577687858367
B3z = 0, By = ————,
—26315271553053477373
Bss = 0, B3s = 1919190 ’
2929993913841559
Bs; =0, Bsg = 5 :
—261082718496449122051
Bsg = 0, By = 13530 ’
1520097643918070802691
By = 0, By = 1206 ;
—27833269579301024235023
B4z = 0, By = 590
596451111593912163277961
B45 = O, B46 - 282 .



¢ How do we reconstruct Bernoulli polynomials from Bernoulli numbers?

If you have followed “Review of Lectures — XXVI”, ‘Strategy C’, and also what
we have covered today, then you realize that the k-th Bernoulli polynomial By (az)
is reconstructed from

Bla B27 B37 B47 Ty Bka

as follows:

Process. First, binomially expand

k
(v 5)-
Then ‘lower’ the exponents for B, namely, replace B! with B;; B? with By; B3
with B3, and so on. The outcome is Bj (aj)

If you want to get Bj° (:z:), then just subtract By from By (:z:)

k
*  The reason you see the negative sign inside the parenthesis ( — B) instead

of the positive sign is essentially due to the shift = — x—1, made in the definition
of By (az) in page 6.

Example 1. Let’s reconstrct Bg (:L') and Bg° (93) using this method, and
using the table in page 9.

Step 1. Binomially expand

( - B>6.

The result is

8 — (f)les + <T)Bzx4 — <?)B3x3 + (f)B‘lxz — <T)B5x + BS.
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Step 2. Lower the exponents for B:

6 6 6 6 6
6 — (. ]Bya® Bya* — (| Bsa® Bya? — | _|B Bg.
() (et ) (o (e v

Step 3. Throw concrete numbers for By, Bs, Bz, Bi, Bs and Bg, using the
table in page 9, and also throw concrete numbers for the binomial coefficients:

1 1 —1 1
This is Bg (x) In sum:
6 5 5 4 Lo,
Bs(z) = 25 — 32° + —a* — TR

Step 4. As for Bg° (33), just frop the constant term, so

Bs® (z) = 2% — 325 4+ 2* — %xQ.

*  You can write your answer in the following way:

B6 ({1)) = .’136 — (f) B1:135 + (2) BQ(IJ4 — (2) B3{133 + (2) B4.’132 — (g) B5.’E + B6

1 1 -1 1
= :L'6—6-7935-1—15-?x4—20-0:173+15-wx2—6-0x+ﬂ
1 1
_ 6 _ 5 4 = .2
= x 3x° + 2:c —|——42,
Bg° (aj) = 26 — 325 + 2% — —2?
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Q. Mimic Example 1 above and reconstruct each of

(1) Bg (33), Bgo (33) (2) Blg (ZL’), Blgo (ZL’)

o ) = (Yot (o () (Yo (2)o
) (s (s s

1 1 -1
= 939—9-79384—36-?937—84-0936+126-Wx5

1 -1
- .0t RS .02 -y —
126 - 02 + 84 2 T 36 -0z + 9 - 30 x — 0

9 21 3
= 33'9 — 71’8 + 61’7 — TIL'E) + 2(1’53 — 1—02'}

9 21 3
By® (z) = 2 — 7:(:8 + 627 — Taﬁ + 223 — 0 %

12 12 12 12

(2) Bis (l‘ Bll'12 + Bgl’ll — Bgﬂ?lo + B43§9
1 2 3 4
12 12 12 12

<5>B51’ <6>B$7 — <7>B7$6 + <8>B81’5

12 12 12

(7) (8)310333— <8>B11$2+B12

1 1 -1
= g2 12 . — M 466 - —219 — 220 -0 495 - 8
o 5 Tt 6" 2% + 30
7 1 6 5 _1 4 3
— 792027 +924 - —— 26 — 792 .025 + 495 - —— % — 220 -Ox
49 30
5 —691
2?2 12
+ 66 66 €T 0z + 5730
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e §29. Applications of antiderivatives.

We have an alternative method to recover Bernoulli polynomials and numbers.
Once again:

By°(z) =z —1, By (x) =

Byo(a) = o — . Ba(z) = a? —x + é

Bs®(z) = a® — %xz + %x, Bs(z) = a® — —x + %a:

B,°(z) = a* — 22° + 22, By(z) = a* — 223 + 2 — 3—10,

Bs°(z) = a® — gafl + %x:” — %x, Bs(z) = 2 — Ex + %x?’ — %a:
R I L VR I DS
Br(r) = a7 — wa® +—a® — Lt b <, By(a) = Tar T Lot o

Here is the recipé how to recover these one by one, from the complete scratch.
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1. Starting point of construction. B;°(z).

We do not rely on any prior knowledge about the shape of Bernoulli polynomials /
numbers, except

Initial conditions:

(i) Bi°(0) = 0  forall k with k> 2,
(ii) B’ (1) =0 forall k with k> 1,
and
(1d) B (z) = = — 1.

(Note that there is no (1a), (1b) and (1c).)

We are going to follow the step-by-step procedure below. Those steps exhibit the
same pattern, each step uses the outcome of the previous step. So after three or so
steps, you get the firm idea how to proceed. As you can see, in (2d), (3d), and (4d),
you see that Bs°(z), Bs®(z), Bs°(z) are recovered. At the same time, In (2c),
(3c), and (4c), you see that n By, By, and Bs are recovered.

2. Determining B; and By’ (a:)

Add Bj to (1d), and thereby make it By (). At this point By is an unknown
constant.

Bl(fll) :{13—1—|—B1.

Take its antiderivative:

This is %BQO (:L'), SO
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1 1
(2a) 7B2° (z) = ?xz — x4+ By -z + C.

Substitute 2 =0, and =z =1 into (2a)independently. Use Bo°(0) =
0 and Bs° (1) =0 (‘initial conditions’):

1
0 = 702—0+B10+O,
(2b)
1
0 = 7'12—14—31'14—0.

The first of the two equations in (2b) reads 0 = C. So C = 0. Taking this into
account, the second of the two equations in (2b) becomes

1

0 = — —1+ By.
5 + by
Solve it:
1
1
So we just found B;. Namely,
1

(2C> Bl = 7

Substitute this and C' = 0 back into (2a) above:

1o 1, 1
S B) = gt e
1 1
= 5T g

Multiply 2 to the both sides:

(2d) By’ (z) = 2? — .



3. Determining By and Bs° (z).

Add Bs to (2d), and thereby make it Bs (:z:) At this point By is an unknown
constant.

BQ(.’L‘) = 22 — z + B,.

Take its antiderivative:

1 1
/Bg(x)da: = ?333 — 7332 + By -x + C.
.. 1 o
This is ?Bg (:L'), SO
1 1 1
(3&) ?Bgo (III) = ?{133 — 7.’132 + B2 T + C

Substitute z =0, and z =1 into (3a)independently. Use B;3°(0) =
0 and Bj3° (1) =0 (‘initial conditions’):

1 1
0= 5 -5 0F+50+C,

(3b)
0= L .pp_ L 12+ By -1+ C
T3 2 2 ‘

The first of the two equations in (3b) reads 0 = C. So C' = 0. Taking this into
account, the second of the two equations in (3b) becomes

[S—Y

3

Solve it:



So we just found Bs. Namely,

(3C> BQ = —.
Substitute this and C' = 0 back into (3a) above:

1

?Bg,o (CE’) = ?ZBS — 7[1}2 + FIL'
Multiply 3 to the both sides:
3 1
(3d) By (z) = % — 7332 - 5 &

4. Determining Bs and B,°(z).

Add Bs to (3d), and thereby make it Bs (:z:) At this point Bs is an unknown
constant.

Bs (az) = g3 — ixQ + i:z: + Bs.

2 2
Take its antiderivative:
/B (zz:)da; = iavll—ix?’—f—i:z:z—i—B -x + C
3 4 2 4 3 '
. . 1 fe)
This is ZB4 (:L'), SO
1 1 1 1
(4a) ZB4O (z) = Ix‘l - 7333 + ZmQ + Bs -z + C.

Substitute 2 =0, and 2 =1 into (4a)independently. Use B,°(0) =
0 and B4° (1) =0 (‘initial conditions’):
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1 1 1
0 — IO4—703+I02+B30+C,
(4b)
1 1 1
0 = — - 1*—- — . 134+ — .12+ B3 -1+ C.
1 2 + 1 + b3 +

The first of the two equations in (4b) reads 0 = C. So C = 0. Taking this into
account, the second of the two equations in (4b) becomes

1 1 1
= — — — 4+ — + Bs.
0 1 5 + 1 + D3
Solve it:
1 1 1
By = — | — — — —
s (4 5 T 4)
= 0.
So we just found Bs. Namely,
(40) B3 = 0.

Substitute this and C' = 0 back into (4a) above:

1 1 1 1
-~ B,° e S BT
1 P (93) 1 x 2 z° + 1 x
Multiply 4 to the both sides:
(4d) B, (z) = x* — 223 + 22

* I think you have seen enough so you can take it from here. Namely, add B4 to
1
(4d) and then integrate it. That is = of Bs° (x). One of the initial conditions:

B5° (0) = 0 tells you C = 0. The other initial condition: Bs° (1) = 0 allows
you to determine By. Substituting it in the expression of Bs° (:z:) previously ob-
tained which involves B, yields the actual shape of Bs° (:z:) So, in principle, as
you keep going this way, you recover as many Bernoulli polynomials / numbers as you
want, though in practice the computation gets longer and longer as you go on. Now
you can do the exercise below.
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Q. Assume

o 7 7 7 1
(7d) B:° (z) = 2" — 7:(:6 + 7:(:5 - ?x?’ + i
and recover B; and Bgo(a:).
[ Solution }: Add B; to (7d), and thereby make it By (z). At this
point B7
is an unknown constant.
7 7 7
B _ 7 _ e, 5 0 3, 1 B
7 () T 2x+2x 693-1-6:)3-!-7
Take its antiderivative:
1 1 7 7 1
/B7 (fL’) dr = §$8 — 7([17 + ﬁflfﬁ — ﬂlA + HCEZ + B7 - + C.
This is — Bs° (z), so
1 1 1 7 7 1
8 _Bo :_8__7 6 v 4 -2 B- - C
(8a) 2 s° (z) 57 R T sp L g T Bt

Substitute =z = 0, and z = 1 into (8a) independently. Use
Bg° (O) = 0 and Bg° (1) =0 (‘initial conditions’):

1 1 7 7 1
0= —0%— —07 + —05— —0%+ —02+ By -0+ C.
8 > T o T TE i
(8b)
1 1 7 7 1
0 = —18 — — 174+ 16— 144+ — 124 B, -1+ C.
8 SRST) 21 g thTRt

The first of the two equations in (8b) reads 0 = C. So C = 0. Taking
this into account, the second of the two equations in (8b) becomes

1 1 7 7 1
- — — B-.
0 8 5 T 13 o1 T 19 TOT
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Solve it:

8 2 12 24 12

So we just found Bj,. Namely,

(SC) B7 = 0.

Substitute this and C = 0 back into (8a) above:

1 1 1 7 7 1
8

Multiply 8 to the both sides:

—Bs®(z) = —a2® — —a2" + —a°% - —at + —%

(84) Bs® (z) = a® — 4a” + Tlﬁ — ?:LA + ?1‘2.
Q. Assume
o 12 11 10 _ 33 g 6 53 4 2
(12d) Bi2° (z) = a2 —6a + 11z -5 2t 42220 — ——at 4 507,
and recover B;, and Blgo(a:).
[Answer ]:
—691
Brp = ———
12 2730
13 143 286 429 65 691
B _ g3 20 12 qg.01 9 7 5 3
13 (2) x 21‘-1—9: 69:-|-7:L' 109:-1—393 510
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