Math 105 TOPICS IN MATHEMATICS
REVIEW OF LECTURES - XXV
April 1 (Wed), 2015

Instructor: Yasuyuki Kachi

Line #: 52920.

§25. DERIVATIVES OF POLYNOMIALS.

We have learned that addition, subtraction and multiplication of polynomials.
There is another important operation involving polynomials, called the derivative .
Spelling:

“derivative.”

Caution (!)  You hear this word ‘derivative’ in finance. That’s completely differ-
ent. This is not a finance class. This is math. What I am going to talk about is
‘derivative’ as a mathematical notion, which was discovered independently by Newton
and Leibniz.*

*  Another lingo: The following words refer to the action ‘to take the derivative
(of something) "

“differentiation’ (n), “differentiate” (v).

So,
“ differentiate f (93) 7 and “ take (ﬁnd) the derivative of f (33)”

are completely synonymous.

Today we focus on differentiating polynomials. First, notation:

*Isaac Newton (1643-1727), Gottfried Leibniz (1646-1716).
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Notation. The derivative of f (:L') is denoted as

d d df /
f (), dicf , %, or [ (z).

Suppose  f (:z:) = 322 + 42 + 4.  Then you can write its derivative as either

f (93), % (33:2 + 4z + 4), or I’ (33)

On the other hand,
/
(3:(:2 + 4z + 4)

is undesirable, so avoid this way of writing. Below is the first thing you need to know:

First rule. daic 1 =0,
d
dx =L
d(i" z? = 2uz,
dci: 3 = 322,
dci: zt = 423,
d(i: > = 8at,
ddx ° = 6a®

More generally:



Definition. Let n be an integer, n > 0. Then

d " = na !
dx N
e e d
Next, how you handle constant multiplication inside I
d 4 .
Example 1. pi <9x ) This goes as follows:
x
d 4 d
dx ( )|z ) B i dx
swap (swapped)
= 9 -4 .23
= 36 - 23
d 6 .
Example 2. 7 <7J; ) This goes as follows:
x
d 6 d
dx ( i ) B T dx
swap (swapped)
= 7.6 -2°
= 42 . 2P



d
Example 3. I <20x5). This goes as follows:
d 5) — d 5
I < 20 x) = | 20| - I x
swap (swapped)
= 20 -5 -4
= 100 - z*.

d
* In short, the rule is, whenever you see a constant inside P drag it outside
x
T You may write the above three results as
x
d 4 3 3
—(9a;) — 9.4.4% = 3645,
dx
(14936) = 146 2% = 8445,
x
(209:5) = 20-5-2* = 100 - 2.
x
and so on. The following definition makes it official:
Definition. Let a be a constant real number. Let n be an integer, n > 0.

Then




d
*  Finally, TS breaks up addition.
x

Example 4. di (:z:2 + 2:(:). This goes as follows:
x

differentiate
differentiate
d d
_ 2 )
[ R el X ]
= 2x + 2.
d 5 3 2 .
Example 5. e <:1: + Tx® + 3z ) This goes as follows:
T

d < 2| 4+ | 723 + | 322 )

|

differentiate

differentiate

differentiate

- -

- ] s )] - 6]

= bx* + 7322 4+3-2x = 5x* + 2122 + 6.




The following definition makes it official:

Definition. Let f (az) and g (az) be monomials. Then

d (f(as)-i—g(a:)) — ) + ¢ ()

dx

4 (f(ar) g () —l—h(:v)) — f(0) + ¢ (@) + W (o)

*  When you are to to differentiate a polynomial consisting of four or more mono-
mials, the same thing.

Now, the above allows you to in theory calculate derivative of polynomial.

Example 6. Let’s differentiate
f(:z:) = 22 + 2z + 5.

It goes as follows:

f(z) = %(&:2—1—23:—#5)
o [a d d
_[d:cx + da:<2x) + da:5]
= 2x+24+0
= 2x + 2.

Note that this answer is the same as Example 4 (page 5). Notice that the polyno-
mial before differentiating in Example 4 and the polynomial before differentiating in
Example 6 differ only by a constant. Then the resulting derivatives will coincide.



Example 7.

Let’s differentiate

f (:L') = 4z* + 823 — 722

It goes as follows:

f' ()

Exercise 1.

= % (4934 + 83 — 7:::'2)

_|_

= 4 423 + 8 -3x2 — 7 -2zx

= 1622 + 2422 — 14x.

Do the following differentiation:

(1) b (2) o 22" (3)
(4) %xmm.

| Answers |:

(1) 102°. (2) 1627.

(3)  200x%. (4)  10002%%.

o 41.50



Exercise 2. Do the following differentiation:

(1) ddx <2x3 ~ 1122 + 43:).

2) ddx (83:8 ~ 1245 + 242% — 642 + 96).
I

(4) ddx (1—70337 + —a25 + 3335)

[ Answers }:

(1) 622 — 222 + 4. (2) 642" — 722° + 9623 — 128z.
(3) 3 — %12 + %x (4) 102% + 92° + 152t
Exercise 3. Do the following differentiation:

&) (5.

g ().

) ().

) ()

) ()



[ Answers } :
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[ Answer ] :
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Pop Quiz.

x99,

1
99!

[ Answer ] :



Pop Quiz. Do the following differentiation:

d ( 1 1 1 1 1 1 1 1 8)
1+ —z+ =2+ =23+ —z2t+ =2+ =2+ 2"+ =2

dz TR 3l A1 51 6! 71 8!
A Lol 1 1 1 1 1 1
[ nswer]. —|—1. +§x +§x +Zx +§x +ax +7x
Pop Quiz. Do the following differentiation:
d ([, 1,1 +1 +1 +1 +1 +1 +1 o L
—X —fL' fL' fL' fL' fL' fL' fL' —X
dz TR 3l A1 51 6! 71 8! 9!
1 1 1 1 1 1 1 1 1 1
R 1 p24 .1 VS S R P I
Tt Tt T T T T T Tt T 1o
1 1 1 1 1 1 1 1 1 1
O L S - : S S-S S S S
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1 0 1 31 1 2 1 3 1 A 1 H 1 H 1 37 1 B3] 1 S¢)
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S T - S S S - Y RO /G~ S
Tt Tt T T T Tt Tae® Tamt Tt T )

[ Answer ] :

] 1 1 1 1 1 1 1 1 1
+ 1 x+§x +§x +Za: +§x +ax +W:z: +§x +ax

1 1 1 1 1 1 1 1 1 1
S IS DTS TG ST ” SRS | S TS S P8 T 19
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Pop Quiz.

dx

1 1
I $11+
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1 1
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d 1 1 1
1—|—T:z:—|——:c + =

1 1 1
12+—:z:13+

Do the following differentiation:

1

1

13; + 1:1: SR L SR S
fl) fl) fl) —_—
5! 6! 7] 8! g1
1 1 1 1 1
14 I |51 - 6, - 7 ]8 _— .19
T T e T Tt T
1 1 1 1 1
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T o e o ® Togt T g
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[ Answer ] :

1

1 1 1 1 1 1 1 1
1 + —z+—2>+—23+—2*+ a5+ 28+ 2"+ =28 + —2°

1! 2 3! 4! 5! 6! 7! 8!
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1
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